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1 Likelihood Construction and Estimation
Likelihood —bard (M ethads
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Why do Statisticians love likelihood-based estimation?
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1.1 Introduction Aatsw‘* id
AT sy

Definition: Suppose random variables Y = (Y3,...Y,,)" has joint density or probability
mass function fy (y, 0) where @ = (04, ...,80;). Then the likelihood function is

LO)Y) = fy(Y,0). < © '3”""4 , Pielland = 9‘1,(\,*
%ww %0 rendon
(lecamse pr D%LVJS M e p{_&sra\_!)

ko MLE i raadom & We guobfy it
Mwaww,

(o & Vehr L obgrtions v, P Dikde ool 4o A Funckion {4 O
for ory (valid) M)Aﬂw@ &, i roturns & Rueblr (e pilelihodd).

prax Liedibesed U-te. .

@/A/m:_ sbtzined 198" fidig rdie 0 itk el ds

Key concept: In all situations, the likelihood is the joint density of the observed data to be
analyzed. -

CouenenTs 4
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1.1.1 Notation

Given y, note that L(0]y) : R” — R.
9 = CG{')-‘) 6:_1)’)T
Uldthod LLB] %) o scolar valcd !

Generally, we optimize £(0) = log L(0|y).
vw

maonolore l\rwm&‘na_
arg oy Llgly) = Cograr Llg)

How? Tyke denveties | ¢ 4= 20, Solve.

(ﬂMmU,a_ Lmendion (s e decivotie :;é a) /ﬁ,uohk; (2.2. /Q(Q)QDZKK; a < (,@)J
N r y pui o = ﬂﬁ- . Q—
S oo rew el L) SR8 )

iy, Seore fuschin  5(8)= £18)]
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Example: Suppose we have Y1,...Y, “ Exp()). The likelihood function is defined as

L[ﬂ[l): 304(1 2).
&Y JQ)

;‘ ,QV _ .—22) 1
-~ 7_T / A e i :7 ﬂ[ﬂ) :H(Pjg — Ar%y,
# likelihood simulation
n <- 10
lambda <- 1

# plot of exponential(lambda) density

data.frame(x = seq(0, 8, .01)) |>
mutate(f = dexp(x, rate = lambda)) |[>
ggplot() +

geom line(aes(x, f))

1.00

0.75 1

v 0.50 4

0.251

0.00




1 Likelihood Construction and E...

# define likelihood
loglik <- function(lambda, data)
{
L- 1ik <- prod(dexp(data, rate = lambda))
L loglik <- sum(dexp(data, rate = lambda, log = T))

out <- data.frame(lik = 1lik, loglik = loglik) ﬂpﬁiify[ngj)
return(out)

# simulate data //,naw he kaw&
data <- rexp(n = n, rate = lambda) & :Q‘a&J Jﬁ*%!

# plot likelihood and loglikelihood
data.frame(lambda = seq(0, 3, by = .01)) |>
rowwise() |>
mutate(loglik = loglik(lambda, data)) |>
unnest(cols = c(loglik)) |>
pivot longer(-lambda, names to = "func", values to = "vals") |>
ggplot() + nLg

geom vline(aes(xintercept =(1 / mean(data)), lty = 2) + # max < mLE
likelihood estimate is 1/mean

geom line(aes(lambda, vals)) +

vals

facet wrap(~func, scales = "free")
lik loglik
1e-04 1
5e-05
0e+00
0 1 2 3 0 1 2 3

lambda

ey, hagp*
S e PWJ('



1.1 Introduction

The likelihood function is random!

for(i in seq len(3)) {
# simulate data
data <- rexp(n = n, rate = lambda)

# plot likelihood and loglikelihood
data.frame(lambda = seq(0, 3, by = .01)) |>
rowwise() |>
mutate(loglik = loglik(lambda, data)) |>
unnest(cols = c(loglik)) |>
ggplot() +
geom vline(aes(xintercept = 1 / mean(data)), lty = 2) + # max
likelihood estimate is 1/mean
geom line(aes(lambda, loglik)) +
theme(text = element text(size = 20)) -> p ## make legible in
notes

print(p)

loglik

0 i 2 3 0 i 2 3 0 1 5 3
lambda lambda lambda

QM@‘)W"(\M]‘: WW 0(969 QA[QJALIOOCJ /rd(ﬁ/z\,f{, ]{7?
Cour Turm: ¥ usucs ot ﬂl!ﬁ’ bt @ G, 0t P

Your Turn: What is the effect of sample size on the log-likelihood function? Make a plot
showing the log-likelihood function that results from n = 10 vs. n = 100 with
corresponding MLE.
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1.2 Construction

The use of the likelihood function in parameter estimation is easiest to understand in the
case of discrete iid random variables.

1.2.1 Discrete IID Random Variables o
o

Suppose each of the n random variables in thevsample Y1, ...,Y, have probability mass
function f(y; 0) = Po(Y1 = ¥),y = y1,¥2, - - .. The likelihood is then defined as:

L(6]Y) = joint density of observed random variables

f_’j PN(LU_Q" % U-M‘W‘fln“)fc :{,OJIAQr‘%ff”

Wheere Yl{j,u‘/,ﬁ‘ we itd RV Wl Seae detilattbn ag Yo,
(bt W\MW#M‘Z M—bew (@ ({n--/\//.)

In other words,

’H\e Qielileod 5 T /FfOLa,Llr[ﬂ? 0& %Va, S“Mp(ﬂ/ ac:h/lamr daineol & a 3\'WMWQW—°GQ-

@[A dscpbe Ca52, v Le /IkD(AﬁL\{’eﬂ, as @ ff‘DLc.Sn:l' . [ow ot d‘my?)'
@ Wil be Luk.l/‘wtj Sum o Lo Mo percacks S[)%b7 Ns.

@ IMDLQL('[/HT 0?- 'F‘\'\Ab\’? @ ’farf\"cf«lcr reoliz I aqmen 6



1.2 Construction

Example (Fetal Lamb Movements): Data on counts of movements in five-second intervals
of one fetal lamb (n = 240 intervals:)

No. of Movements O 1 234567
Count

182411222001 = gy
wd
Assume a Poisson model: P(Y = y) = fy(y; A)

exp(;!)‘))‘y. Then the likelihood is
n N
L n Yr A z% _a?
L 19) = 05 ln)= T 25 = 350 o0

. (77'.—: AT e (ﬁ,}’.-.’f

= 5&_%'[ 2 —nA = [ Cﬁ—XJ)
IL( 9) o * oy .
( AN
2.02) = ':5" — h Sgi:o.
Equating the derivative of the loglikelihood with respect to A to zero and solving results in
the MLE

. 2\ 6
AMLE = T

— = £.359.
h A40

This is the best we can do with this model. But is it good?

150 1

count

50 1

0

2 2 : —
# of movements
[)g' GQP '{651" (‘a,{umg‘o/vd/vc vF 6. 00035, NoT %J
| Hughratinn s{ o di sadvandt oq a-@ [;(a—bw ~besed Mb/ef/léf
VU'/X MM L(NUU

/m, 2-3) 4 EST {k{’&»ob 7(;: @i(o—j:t‘('\t“*"‘l (VD:SM-
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1.2.2 Multinomial Likelihoods

N e Meestiy discrode Libiloodds.
The multinomial distribution is a generalization of the binomial distribution where instead
of 2 outcomes (success or failure), there are now k > 2 outcomes.

Considey “\WMH q(Vszo-a- n loa“s it | “Ms;“""’f' Fl’ (s 'ff"l‘ "'@ T [oaz& QML"? I'a

e urn 0a  eoch s (:'-'/f,--,/c,
(&
=7 N; bells g o ad ZH0

The probability mass function is ( n ot el ) e wk-7m‘as7_

P(N =N, ,c“l/| ) PCV\l, LY Poo-y P )

l "
- \_’ﬂ/_\ 'P;‘L._F vlee Ot prél ol f—;‘?":'
nleag ! —y
For Ny, ..., Ni, N; = the number of balls in ¢® urn, ZN; =N (bt hdls hok P - »
NP = Hhewn).
(%"’ L) dﬂwﬂ) datt { \N [
NN e =7 N el indeperdet!
L(.—Q— [Np—vML) "N \N ( P: -—\,FEJ
l. ﬁ.
Vkl U Ne- M
()N .
N(! Nlo uvu’ﬁ o!'\c'
- / \Q/ t‘:’
= Q) = ot o Nl fr v thlegfare Lo (1= 2P fs
The maximum likelihood estimator of p;: (
N © O =, ' 2
) N M oy o ot | )7
(DF‘J‘ fi [—;Pl o 0 O N(c 0 ‘:$ ': ‘
R =\ b 0 Vel . |
P | b= b ‘O.F
= Nk’ PJ. - MJ PK:O A _ )Jd et Yo would
= zDu"MLE Ry (“ 9 e )

More interesting multinomial likelihoods arise when the p; are modeled as a function of a
lesser number of parameters 61, ...,0,, m < k— 1.
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Example (Capture-Recapture): To estimate fish survival during a specific length of time
(e.g., one month), a common approach is to use a removal design.

S= 'Prvlo of £sl, §urw'mk1‘ e mo/nf\t;d‘

Time O cotch oned -!—aca, N ‘P'BL
cqj-(};\ W\J remoleg §ome # 5€ H;W ,6‘5),‘,

Time L°
e P P(ob +auf70/“f fsh g Camght MW (PPL' 9"‘;:;0“/;»
R e )
‘Pmk o ‘f’“ﬁﬂd Bsh ¢ cavght” & Ped = Sp= P
Tie &0 T
Ny = # gy fsl repoed oF Hre Q)
g o gpd Fihls cant o Hred = Slioplp <
Tiwe K-l m['M

Neer = # *—”‘57’0 fidy esord X e el €2
gob o el B cof it gkl (=) p = fer

Kt +4zacy_rl G e n removed

e
Nk,;“— Zt\)l
=\ 5
- - -t _ .
Prn L= s s Cepy - 8CPpm = 37Ty = (- 20
: ' ds
G{gaﬁ_’ QS‘F\M@K FW’ > “ ¥ -
e W 840 s, B

T ﬂibum/“’“‘} e T PzOL«,LCl,G{-a o, Cad'd'u\ra NN v/ “{Dﬁj{ 1_‘37_0{,
= mubtiondd Y/ =S P itk wd Pes - I
l

. _ ne ‘Nl-_— U
HQQU‘_ L‘(‘F‘ I Nl r'/Nb) - MI‘MJ L Plc p “
Uy - -l Ne
ke P*) mmw (G () e
(e

fe-\ \
‘ : Chee k= l-'§P ’§LC\’f3f~-—- -5 G-Q{f.
ol oo ¢ qarh<d degwdnes Wl c<f, TA
hat now' ok log & ¢ ol [ iomicated ) nt Doy fre L.

[e::q'&er)
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1.2.3 Continuous IID Random Variables

Recall: the likelihood is the joint density of data to be analyzed.

Example (Hurricane Data): For 36 hurricanes that had moved far inland on the East Coast
of the US in 1900-1969, maximum 24-hour precipitation levels during the time they were
over mountains.

44
3-
|5
327
o
0-
0 10

20 30

Precipitation Levels

We model the precipitation levels with a gamma distribution, which has density

fly;a, ) = y* Lexp(—y/B), y>0,a,8>0.

1
['(a) B>
This leads to the likelihood

n ' _ve/p _ s L 1 - _,_n,'
He )~ T S = grf B g SR

Of course, this cannot be interpreted as a probability because

P(Y=0)= 0 W
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To get a probability, need to go from a density to a measure. «-c. (akgrate -

Br«t Q,i[w[r{lmrn! Vtv‘f W#CLUM'[V' (kW V™ 1 (L/onl‘f' refrm vabe L Eo{lt} MCzsron'Lj)

But it may be useful to think of the value of the likelihood as being proportional to a
o P

probability. \
(riven datz s A AT
L(D(“qu%) i r\m[;d%- SHlf — ‘l:.
:
'%/(5 A‘a.

’P{'OL [5 QEE(QJNM‘I‘Z« _”_ F{d PA 'A'H"l
More formally, begin with the definition of a derivative

oy g 9@+ h) —g(z—h)
g (z) = lim .
[ 2h

Let F' be the cumulative distribution function of a continuous random variable Y, then (if
the derivative exists)

o) = i TEER TRy, Y Coohuyet)
——— h—0 WDt o

If we substitute this definition of a density into the definition of the likelihood
n
L(2]4)= T 5(1:)
i

n A - Gtk
g, AL BT
(=t Wt 2h

< QT 2 (Bled) - Bl4)) o ondl W

n-x ot

F,,«bawfﬁ

o + />TP y, “e(yr L;;_@/J ww{w?’" abildy!
W20t pe h~?—0 -
O T gt

Yo Mf"w’r” Le causcit

‘H‘Ww ¢

= j,{b,QiLgoJ Us ?pmooﬁ%‘ozw2 & o Wméa&f'ﬁbf oﬁ Mw‘m‘q/ o Ao S(wﬂe Hat i< cl@se = e Sl

e olbstaiied.
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Compare this to the iid discrete case:
Lo |y)> T&(v,-;e)
= Lim 1t S F (4 +hye) - F(H;é)%

k_~,70{' i

D('VLOLJ W don WJ b rﬁwraﬂ’lmoﬂé on SFant.

%o ,QA(GLMMM(S for  discrole fwg 94 WW LMLA, +ten ,Q,'l:ﬂ"hoac]s o
Conbtos m/?

¥ et o agurt \/
—’ﬂ/\is '/\aS b Jo w/ UAAU%{’a dﬂmm@’fr/a heas iﬂ ’ﬁl?(_ Q S

(A‘sqofc-, Covetivey edgure >

Conhumtons: Lebes g heasir

T[/touzju Lor Later! what obouT Wti)ckmes?
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Example (Hurricane Data, Cont’d): Recall with a gamma model, the likelihood for this
example is

L(O1Y) = (@) s {[[x)" e (- S yis8). o

Yokeo den\s
?
and log-likelihood polve s
g(e) == h l06 [d.’) - Vld baﬁ 'i— (d_,[) Z laj)’lr — PR w -
£ % 20 )_h
## loglikelihood function ’%*\m Ko
neg gamma_ loglik <- function(theta, data) { 7
Gpum(log(dgamma(data, theta[l], scale = theta[2]))) Cyur‘kﬁﬁ
P Roove on we nlm (minimozeg), T:jbfg_»h.

w’hép' dJLrNSoﬂ. GD\MMA Q;(ipa",md glo adk” 'rCSWM' in \A.\Aq rJ“k"" @ Ckns
## maximize / P => we nmedel orh\nmzwhvm Commmon')
mle <- nlm(neg gamma loglik, c(1.59, 4.458), data = hurr rain)
mleSestimate

A A
d,m,e FMLE
## [1] 2.187214 3.331862

## Gamma QQ plot
data.frame(theoretical = ggamma(ppoints(hurr rain), mleSestimate[l],
scale = mleSestimate[2]),

actual = sort(hurr rain)) |[>
T vl LaF%

ggplot() + petwl dGF Cardeced)

geom abline(aes(intercept = 0, slope = 1), colour = "grey") +

geom point(aes(theoretical, actual)) +

xlab ( "Gamma gﬁ&Qéq@ZLes") + ylab("Ordered values") le@.

q./avhki o %#‘( g«f‘f’

30 1
n
@
=
T 20+
3
g 104 o Q‘J( =
= o
© [) 00.0.0000......00 (XX

O- T . . T T T T

0 5 10 15 20



16 1 Likelihood Construction and E...

1.2.4 Mixtures of Discrete and Continuous RVs

Some data Y often have a number of zeros and the amounts greater than zero are best
modeled by a continuous distribution.

Ex: ﬂcu',\hu /smowﬁﬂ,/ AuT of twe T eclimb fn a day

In other words, they have positive probability of taking a value of exactly zero, but
——
continuous distribution otherwise.

= fecent Hom Z\F, whida 5 dsercde,

recerd

ofter casts, P otk mast doesn't hare b lo F 220 leg, ler)

- Ccon ke lae/\l/&[f\%cJ ts

A sensible model would assume Y; are iid with edf

4 - o= = —
0 y40 - 4
Fﬂwne){p y=0 //,—ﬁ

p+(1—p)Fr(y;60) y>0 | e )

0

where 0 < p < 1is P(Y = 0) and Fr(y;0) is a distribution function for a continuous
positive random variable.

Another way to write this:

Bl p2)= Plyey)= p2C0%Y) + (1-p)E (;2).

No /PNL[&M§ L// Af.

How to go from here to get a likelihood?

ket 20 Jho “dassiy” bes
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o

J
One approach: let ng be the number of zeroes in the data and m = n — ny be the number

of non-zero Y;. This leads to an intuitive way to contruct the likelihooq foriid Y1,...,Y,
distributed according to the above distribution: N recatling fe Coustmchion o, Llidibeods for OFS 2 diyob

\[uu‘jb\ﬂ %) e vy,
¢ "
L OlY) = hhrf)l+ (E) H{FY(Y; + h;pa 0) - FY(Y; - h;pa 0)}
— i=1 -
,_’_/_\__\y__,,///: F, (1 4 5p8) -6, (Z'“LJ/’/Q?
- TR b I I
&Aoj Fv( hip.g) F7( hy Fi)ﬁ ’ fiﬂm vz ’ QY'S 20
m 1 :
= Jin S+ PB4 x b T 1 7
h—>0*
c'\/W\ W
KP fr20 et &
W (iAW (/$0 valares
non
'B(_mwu‘( "
a,\e,,a!,- f-r
no"\/w( Ul

p lo «_F_r(‘['—'gl
2 p8) = (emdlogp & wmloglio) ™ oo, g £ l1:38)

N A - _ﬂ:f‘/ 4 §, obtwined Sl Wa? Fram Mm obs. l»l/ ;’y_}/ Jcr(bjg)
G G -
ikl m\l7 uge Y70

',.,Jw (aw "}°+a{ NLRLI‘[A‘ :
Kl(\(i o‘[: G l "7‘!p;vf°"§'*“",‘ iﬁ p '}}
L(ple) of TP(t=y)
= 4§ p(t = wlw=o) o) + PLteyil tit 9)P(1it0) ],
TSy o 80 Re) (p): § T ) T E12)

ol '/1'70
Feels a little arbitrary in how we are defining different weights on our likelihood for
discrete and continuous parts.

(Mo
Turns out, it doesn’t matter! (Need some STAT 630/720 to see why.)

V\o‘{’ W\Md’\«‘
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Definition (Absolute Continuity) On (X, M), a finitely additive set function ¢ is absolutely
continuous with respect to a measure p if $(A) = 0 for each A € M with u(A) = 0. We
also say ¢ is dominated by p and write ¢ < p. If v and p are measures such that v < p
and p < Ze/w Md v are equivalent.

fext on Hawous Dlgn (5 dpmff\(,)ftaf b? fre W{av@ wellsvrl.
E)('. G o{A\Sérﬁ'k d¢n ng p‘om‘mf‘d 93 fre 6:7(/4/1‘/»7 nedSvre,

Theorem (Lebesgue-Ragdon-Nikodym) Assume that ¢ is a o-finite countably additive set
function and p is a o-finite measure. There exist unique o-finite countably additive set
functions ¢4 and ¢,. such that ¢ = ¢,. + ¢, < u, ¢ and p are mutually singular and
there exists a measurable extended real valued function f such that 4 ot B st

#6)=0 ! P70

Gac(A) = /Afdu, for all A € M. pl dervebve

I‘AW’"V?’”
If g is another such function, then f = g a.e. wrt /.L.[If ¢ < pthen ¢(A) = [, fdpu for all
AeM.)
Tl aot a ¢ 0] P Vb T 0 6d Conbirunng 7 0. WE M =Lobege

V = tusthy weasie on %28,
(o) =0, b (303970 = D=V ol fu i g
Definition (Radon-Nikodym Derivative) ¢ = ¢oc + @5 is called the Lebesgue
decomposition. If ¢ < p, then the density function f is called the Radon-Nikodym
derivative of ¢ wrt u.

So what? ¢ -
Lt M= Lebesgre measue over R q,(a"Jj [
V= Goun'i’\‘m& weAsve ove’ S203- // 51//"‘ o\reVA n%o’ﬁ-

= p(yeple) = §Hw D duly) « § plmedh)
A
g 27 ey aed & (9000 Ty #58)F0y50 ¢ TEy=103)p(32).

=2 Ptekin)> § £ (2) dalp.
U ol dervsti o rob meatns o Y =7 lid Jrasih

LA L_‘k(@l[) = jbt\r\'f &h&ﬁa % G 101'4,[
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Claim : We con Scule e conhiamons  avd oh‘so,vﬁ, FMU + L‘kil(hoogl
and el hat a Vadid ,?x‘bfilwa(,

See ¢ Lok wse AWM%#V? freagure 2;«7‘ 0{’/,(4.]3:)) S o p 0 :
- | ' 5) - T L0410 oyie)
Then oo(zesrw‘&t"? é{-[\/dﬂnmL% &xx (’a/@) = _}Lo(/l H“g[@)f ; ply2
A vdid Lidlibed wedd e Lex(2[2)= £ [710).
= we (n gcahﬂu orianonS cod Aixcrok ?Mg ;{; % Lwa&)&{ LLowe,cr
we L od its bl velid.

IP"‘ L‘M.'{V\S‘ . wg/ o S'CJ{/ 'tLL d,(‘f("{d‘f/ 0’“[ Cv'*‘h‘amoﬂS WMWU Lgmw e /&_h"
: et - o] Mostly doeset madior,

ve hare asomgls v/ o y.=0 od m=nty 770 id,

L, (01> TF( £ Lte)
=T ‘gr@: ) T « £(¥: )

¥;=0 Yizo

La's $%y

= L oy e
(5"” 0("‘ Y20 y:70

- j_o? W_T&Q(Y:J@) A L, (2.

= gmﬁmd on he ?%MDN;J o MLE aff,l.‘cﬁﬁ\mﬁ,
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1.2.5 Proportional Likelihoods

Likelihoods are equivalent for point estimation as long as they are proportional and the
constant of proportionality does not depend on unknown parameters.

Why?

Consider if Y;,7 = 1,...,n are iid continuous with density fy(y; @) and X; = g(Y;) where
g is increasing and continuously differentiable. Because g is one-to-one, we can construct
Y; from X; and vice versa. % =" (%),

= %\Zu')_., 7./\3 od %ﬁir.j X\ are “"—“ﬁ"""‘a"’rq Lecaust fiba,mmh exa_dﬁu( e So [\r-{’or'vm’h“‘
Catrthe) = fell chond Mfriner baged o 3 sholdd b tdetied £ st el o $ X Yor S,

More formally, the density of X; is fx(z;0) = fv(h(z);0)h'(z), where h = g~ 1, and

L(6)X) =
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Example (Likelihood Principle): Consider data from two different sampling plans:

$$
L 1(p | \boldsymbol Y) = {12 \choose S} p"S (1 - p)~"{12 - S}, \text{

where } S = \sum\limits {i = 1}"n Y i

$$

2. A negative binomial experiment, i.e. run the experiment until three zeroes are

obtained.

Ly(pY) = (SJSr 2)1?5(1 —p).

The ratio of these likelihoods is
Ly (plY) _
Ly(pY)

Suppose § = 9. Is all inference equivalent for these likelihoods? Debatable.

The likelihood principle states all the information about @ from an experiment is contained
in the actual observation y. Two likelihood functions for 8 (from the same or different
experiments) contain the same information about 0 is they are proportional.
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1.2.6 Empirical Distribution Function as MLE

Recall the empirical cdf:

Suppose Y1) < Y(2) < -+ < Y(n) are the order statistics of an iid sample from an unknown
distribution function Fy. Our goal is to estimate Fy.

Fy(y) = % Z]I(y > Y(i))

i=1

Is this a “good” estimator of Fy?
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Yes, because it’s MLE.

Suppose Y1,...,Y, are iid with distribution function F(y). Here F(y) is the unknown
parameter.

An approximate likelihood for F'is

Li(FY) = ﬁ{F(n +R) — F(Y; — h)}

23
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1.2.7 Censored Data

Censored data occur when the value is only partially known. This is different from
truncation, in which the data does not include any values below (or above) a certain limit.

For example, we might sample only hourseholds that have an income above a limit, L. If
all incomes have distribution F'(z; @), then for y > Ly,

P(Y1 <ylY1 > Lg) =

The likelihood is then

1.2.7.1 Type I Censoring

Suppose a random variable X is normally distributed with mean p and variance o2, but
whenever X < 0, all we observe is that it is less than or equal to 0. If the sample is set to 0
in the censored cases, then define

y_ [0 ifX<0
“lx ifX>o.

The distribution function of Y is
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Suppose we have a sample Y71, ...,Y, and let ng be the number of sample values that are 0.
Then m = n — ng and

We might have censoring on the left at Lo and censoring on the right at Ry, but observe all

values of X between Lo and Ry. Suppose X has density f(z;6) and distribution function
F(z;0) and

L, ifX, <L
Y=< X, ifLy<X; <R,
Ry if X; > Ry

If we let nz, and ngr be the number of X; values < Ly and > Ry then the likelihood of the
observed data Yi,...,Y, is
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We could also let each X; be subject to its own censoring values L; and R;. For the special
case of right censoring, define ¥; = min(X;, R;). In addition, define §; = I[(X; < R;). Then
the likelihood can be written as

Example (Equipment failure times): Pieces of equipment are regularly checked for failure
(but started at different times). By a fixed date (when the study ended), three of the items
had not failed and therefore were censored.

y 272515033271424421
deltal 0 1 0 1 1 1 11 O

Suppose failure times follow an exponential distribution F(z;0) = 1 — exp(—z/0),z > 0.
Then

L(o]Y) =
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1.2.7.2 Random Censoring

So far we have considered censoring times to be fixed. This is not required.

This leads to random censoring times, e.g. R;, where we assume that the censoring times
are independent of X1,..., X, and iid with distribution function G(¢) nd density g(¢).

Let’s consider the contributions to the likelihood:

which results in

L(6]Y, 8) =



