Empirical Likelihood



1 Mean Case

Suppose Y7, ...,Y, are iid with mean p and covariance-variance X. For simplicity, say we
are interested in estimating p.



To perform nonparametric likelihood inference on g, we can consider a constrained
multinomial likelihood, known as the Empirical Likelihood function of p:
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The largest possible value of L, (u|Y) is



2 Statistical Inference

We can form an EL ratio for p

L,(plY)
Ru(p) = —
L,(p]Y)
Theorem (Wilk’s Theorem): If Y;,...,Y, € R? are iid with mean g and covariance-

variance 3 where rank(X) = ¢, then

d
—2log R, (po) — X2 as n — oo.



3 EL with Estimating Equations

For EL inference on 8 € R®, we make an EL function

Then we can get a point estimate, EL ratio, and corresponding ClIs, as well as “profile”
EL:



6 3 EL with Estimating Equations

Theorem: Suppose Y3, Y5, -+ € R? are iid with E4(Y7,0,) = 0, and
Var[y (Y7, 0,)] = E(Y71,0y)%(Y71,60,) " is positive definite, where 8 denotes the true
parameter value.

Suppose also that dv(y, 8) /06 and 8%1)(y, 0)/9000" are continuous in a neighborhood of

6, and that, in this neighborhood, ||¢(Y1,0)||°, ||0v(y, 8)/06)| and ||8%v(y, 8) /0000 ||
are bounded by an integrable function ¥(Y7).

Finally, suppose the r x b matrix Dy = Ed(y, 0)/06 has full column rank b.

Then, as n — oo,

i, /(8 — 80) > N(0y, V), where V = (D}, Var[th(Yi, 60)| Dy) .

ii. If » > b, the asymptotic variance V' cannot increase if an estimating function is
added.

iii. To test Hy : @ = 6y, we may use —2log R, (6) and when Hj is true,

d
—2log R,,(6y) — X}

iv. If r > b, to test Hyp : E¢(Y1,0) = 0, holds for some 6, we may use

L,(6)
—2log —— =
[1(1/n)

i=1

and when Hj is true this quantity converges in distribution to Xf—b'

v. To test the profile assumption Hy : 68, = 0(1’ € R?, we can use the profile EL ratio
d
—2log R,,(8Y) and , when Hy is true, —2log R, (67) — x3.



4 Computation

Technically, for a given value of @, define L, (0|Y) = 0 if

1=1 =1 =1

is empty.

If 0, is in the interior convex hull of {4(Y;,8)}! ,, then A, (@) will not be empty.



8 4 Computation

The supremum in the definition of L, (8]Y") looks nasty, but the form simplifies if
Ln(8]Y) > 0 for a given @ € R®. To see this, fix @ and let

Bn(o) = {(pl,---,pn) PP 207 Zpi:L Zpl")b(}flae) :OT} - [07 1]11
i=1 i=1

To maximize [] p; on B,,(0) and find (pj, ..., p;,), use Lagrange multipliers a € R and
i=1
A € R" and maximize

f(ph <y Dp,y @, A) - lOngz +a (1 - sz) - nAT (sz"vb(.Y;a 0))
= i=1

i=1 1=1

over p; € [0,1],a € R, and A € R".



Take derivatives & set to zero:



