328 7 M-Estimation (Estimating Equations)
7.8.2 Asymptotic Normality of M-Estimators

Next we give an asymptotic normality theorem that is the direct generalization of
Theorem 6.7 (p. 286).

Theorem 7.2. Let Yy,..., Y, be iid with distribution function F(y). Assume that

1. ¥ (y,8) and its first two partial derivatives with respect to 8 exist for all y in the
support of F and for all 8 in a neighborhood of 6o, where Gr(8¢) = 0. .

2. For each 0 in a neighborhood of 0y, there exists a function g(y) (possibly
depending on 0) such that forall j, k andl € {1,...,b},
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for all y and where [ g(y) dF(y) < co. -
3. A(0o) = E{—¢' (11,0 0)} exists and is nonsingular,
4. B(0o) = E {y(¥1,00)¥ (Y1,00)7} exists and is finite.

IG,(0) =0,(n"?) and 0 25 0y, then

V@ —00) <> N[0, 400 B(O0) (4B} | as n— oo

Proof. The proof uses a component-wise expansion of G ,,(/0\) similar to th/z}t in
(6.21, p. 289) used in the proof of Theorem 6.10 (p. 288). By assumption G, (O)f
0,(n"'/2) and thus a Taylor series expansion of the jth component of G,(f)
results in

0,(n"V?) = G, ;(0)

o~ 1 ~ ~ o~
= Gy 00 + G, 006 ~00) + 10~ 007G, @A — 00
1 ~ ~ o~
= Gy 00+ | G100 + 50— 007 6L, @Y @ —00)

where 3;‘ is on the line segment joining # and @y, j = 1,...,b. Writing these b
equations in matrix notation we have

0p7%) = Go(#0) + | G100) + 50| @~ 00),

under Condition 2, each entry in 0* is bounded by H/O\— Oolln~ 1 Y g(Xy) = 0,(1):

. . -~ el t
where O* is the b x b matrix with jth row given by (§ — 00)TG;?’J (6%). Note that
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and thus @* = 0,(1). By the WLLN G (84) L4 (#o) which is nonsingular
under Condition 3. Thus for »n sufficiently large, the matrix in brackets above is

nonsingular with probability approaching 1. On the set where the matrix in brackets
is nonsjngular (call that set Sy) we have

-1
Vi@ =00 = ~{6,60 +10°] (V6 00) + 0,1},

Slutsky’s Theorem and the CLT then give the result when we mnote that |
P(Sn) — 1. As in Problem 6.6 (p- 293), we could also add and subtract terms

to give an approximation-by-averages representation, where he(Y;, 00)=A (80)~!
¥ (¥i,00). L]

7.8.3  Weak Law of Large Numbers Jor Al;erages
with Estimated Parameters

One of the most useful aspects of the M-estimator approach is the availability of
the empirical sandwich estimator (7.12, p. 302). Thus, it is important that the pieces |
of this estimator, 4, (Y, 5) and B,(Y,9), converge in probability to 4(0,) and |
B(60), respectively. But note that this convergence would follow immediately from
the WLLN except for the presence of § . Thus, the next two theorems give conditions
for the WLLN to hold for averages whose summands are a function of (and thus
dependent). The first theorem assumes differentiability and a bounding function
similar to Theorem 5.28 (p. 249). The second uses monotonicity.

Theorem 7.3. Suppose that Yy, . .. , Y are iid with distribution Junction F and
assume that the real-valued function q(Y;,8) is differentiable with respect to 8,

Er|q'(Y1,00)| < oo, and there exists a Junction M(y) such that for all 8 in a
neighborhood of 0g and all j € {1, . . ., b},
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 Where Ex{M(Y})} < oo. If § -2 0o, thenn™' Y_ (Y, 0) BN Erq(Y1,80) as
"= 00.

. Proof.
E}E(Y-?i) E(Y0)<1}1‘_,(Y~3) li(Y-())
nizlq i Fq(L1,0p)| < ni:lq is ni=1q i
10
- K?O '~E Y,o
+ n;‘]( 0) rq(Y1,00)




