1 Nonparametric Bootstrap

Let Yi,...,Y, ~ F with pdf f(y). Recall, the empirical cdf is defined as
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> The idea behind the nonparametric bootstrap is to sample many data sets from F,(y),
which can be achieved by resampling from the data with replacement. (ind cese).
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1 Nonparametric Bootstrap

# observed data
X <-c¢(2, 2, 1, 1, 5, 4, 4, 3, 1, 2)

# create 10 bootstrap samples
X _star <- matrix(NA, nrow = length(x), ncol = 10)
for(i in 1:10) {

x_star[, i] <- sample(x, length(x), replace = TRUE)

}
X star

ﬁat(l) ._Z*(ID)
## (.11 .21 [,31 [,41 [,5] [,61 [,7] [,8] [,2] [,10]
## [1,] 1 2 4 1 2 1 2 3 3 4
## [2,] 4 4 1 1 1 2 2 1 2 1
## [3,] 2 2 2 4 5 4 4 5 1 4
##  [4,] 4 4 2 5 2 4 5 5 1 3
## [5,] 2 1 5 1 3 2 4 2 4 4
## [6,] 4 4 2 1 4 4 4 3 1 2
## [7,] 1 1 2 1 2 1 2 2 3 1
## (8,1 4 4 1 3 3 3 5 1 2 4
## 19,1 4 1 2 3 2 1 2 1 4 2
## [10,] 3 4 5 1 5 4 5 2 4 1

# compare mean of the samFLto the means of the bootstrap samples
mean(x)

## [1] 2.5

colMeans (xX_star)

## [1]1 2.9 2.7 2.6 2.1 2.9 2.6 3.5 2.5 2.5 2.6

ggplot() +
geom histogram(aes(colMeans(x_star)), binwidth = .05) +
geom vline(aes(xintercept = mean(x)), lty = 2, colour = "red") +

xlab("Sampling distribution of the mean via bootstrapping")



1.1 Algorithm
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Sampling distribution of the mean via bootstrapping

1.1 Algorithm

Goal: estimate the sampling distribution of a statistic based on observed data %L, G0
Let 6 be the parameter of interest and 6 be an estimator of . Then,
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1 Nonparametric Bootstrap

1.2 Justification for iid data

Suppose Y7, ..., Y, are iid with EY; = p € R, Var(Y;) = 2 € (0, 00). Let’s approximate
the distribution of T,, = v/n(Y,, — p) via the bootstrap.

Theorem: If Y7, Y5, ... are iid with Var(Y7) = o2 € (0, c0), then
sup |P(T, <y) — P,(T;y <y)|= A, — 0as n — oo almost surely (a.s).
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The proof of thls theorem requires two facts:

i. (Berry-Esseen Lemma) Let Y3, ...,Y,, be independent with EY; = 0 and E|YZ|3 < 00

fori=1,...,n. Let op =nVar(Y,) =n"' 3" EY? > 0. Then,
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ii. (Marcinkiewicz-Zygmund SLLN) Let X; be a sequence of iid random variables with

E|X; [P < oo for p € (0,2). Then, for S, = Y1, X;,

1
—— (S, —nc) — 0 as n — oo almost surely (*)

nl/p
forany c € Rif p € (0,1) and for ¢ = EX7 if p € [1,2). If (%) holds for some c € R,
then E|X1? < s0.
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