2.1 Out-of-Bag Error 7

While bagging can improve predictions for many regression methods, it’s particularly
useful for decision trees.

These trees are grown deep and not pruned.
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How can bagging be extended to a classification problem? ( awemgi 10 l""g"f o "f?L"”’)
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2.1 Out-of-Bag Error

There is a very straightforward way to estimate the test error of a bagged model.
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8 2 Bagging

2.2 Interpretation
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3 Random Forests

Random forests provide an improvement over bagged trees by a small tweak that
decorrelates the trees.

As with bagged trees, we build a number of decision trees on bootstrapped training
samples.
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In other words, in building a random forest, at each split in the tree, the algorithm is not
allowed to consider a majority of the predictors. wlw(?
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The main difference between bagging and random forests is the choice of predictor subset
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4 Boosting G

The basic idea of boosting is to take a simple (and poorly performing form of) predictor
and by sequentially modifying/perturbing it and re-weighting (or modifying) the training
data set, to creep toward an ?ffectiye preAdictor.
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Consider a 2-class 0-1 loss classification problem. We’ll suppose that output y takes values
in G ={—1,1}. The AdaBoost.M1 algorithm is built on some base classifier form.
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1. Initialize the weights on the training data.
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2. it a G-valued predictor/classifier f; to the training data to optimize the 0-1 loss.
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This works well!



4.1 Why might this work? 11

4.1 Why might this work?

For g an arbitrary function of @, consider a classifier built using g as a voting function,
e.g. f(x) = sign(g(x)), ignoring the possibility that g(x) = 0. Then

Iy # y) = I(yg(z) < 0).
Using the following fact,
I(u < 0) < exp(—u) Yu,
provided P(g(X) = 0) = 0, the 0-1 loss error rate for f(x) is
BI(Y #Y)] = E[I(Vg(X) < 0)] < E[exp(-~Yg(X)].

In other words, the error rate is bounded above by expected exponential loss. AdaBoost
works by providing a voting function that produces a small value of this bound.

To see this, we need to identify for each u a value a that optimizes E [exp(—aY)| X = u],
where

E[exp(—aY)|X = u] = exp(—a)P[Y = 1| X = u] + exp(a)P[Y = —1|X = u].

An optimal a is easily seen to be half the log odds ratio, i.e. the g optimizing the upper
bound is

1 PlyY =1|X = u]
g(“)_EIH(P[Y:—HX:u])'

Now consider “base classifiers” hy (@,-,) taking values in G = {—1, 1} with parameters -,
and functions built from them of the form

gm (@) =Y Behy (2,7e) -
=1

for training-data-dependent §; and ~;.

Then, g,, () = gm_1 () + Bmhm (2, vm)- Thus, successive g’s are perturbations of the
previous ones.



12 4 Boosting

How can we define the perturbations to produce small values of the upper bound of our
error (E[exp(—Yg(X)])?

Well, we don’t have a complete probability model for (X,Y") (if we did, we would be done).
So, let’s optmize an empirical version of this bound.

n

E, = Z exp(—Yigm (x;)) (Now based on tr
i=1

= Z exp(—Yigm-1 (®;) — YiBmPm (i, Ym))
=1

n

= Z: exp(—yigm_l (mz)) eXp(_yzﬂmhm (w77m))7

and let’s call viy, = exp(—yigm-1 (€i)).

We will consider optimal choice of «,, and £,, > 0 for purposes of making g,, the best
possible perturbation of g,, 1 in terms of minimizing E,,.

1. Choice of 4,,:

E, = Z Vim eXp(_ﬁm) + Z Vim eXP(,Bm)
1 with 1 with
b (@i Ym)=y; hon(@iYm) 7Y

= (eXp(,Bm) - eXp(—Bm)) Z vimI [hm (wia7m) 7é yz] + exp(_ﬁm) Z Vim,

i=1

Independentof By, we need 4, to minimize the vi,-weighted error rate of hp, (&, ¥m).
Call the optimized version hp,(2). This is the same as step 4a. in AdaBoost.m1.

2. Choice of 3,,:

E, = exp(_ﬂm) Z Vim + Z Vim eXp(2/Bm)
7 with 1 with
b (i, Ym)=yi han(®i,Ym)#Yi

= exp(—fBm) Z Vim + 2 Vim (€xP(2Bm) — 1) I [hm (i) # y@])

=1 =1
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and minimization of E,, is equivalent to minimization of

S Vimd [ (25) # il )
Z]il Vim .

exp(_ﬂm) (1 + (eXp(2/Bm) - 1)

Let

—h, Z?zl Vi [Am (25) 7 Y3

err," = m )
i1 Vim
then a bit of calculus shows that the optimizing B, is

1 [1—emrm
,Bm = 5111 ——hm .
€rr

m

Notice this coefficient is **exactly aTm from step 4b. and 4c¢. in AdaBoost.m1 (and

the % is irrelevant for the sign).
3. Updating weights vip:

Note that

Vi(m+1) = exp(—Yigm (®;))
= exp(—Yi (gm-1 (2i) + Bmhm (2:)))
= Vi €Xp(—YiBmhm (2:))
= Vim €xXp(Bm (21 [hp, (®:) # yi] — 1))
= Vim €xp(2BmI [hm (®:) # yi]) exp(—Bm).

Since exp(—pBm) is constant across ¢, it is irrelevant to weighting, and since the
prescription for B, produces half what AdaBoost prescribes in 4b. for a;,, the
weights used in the choice of 811 and hmi1 (@, ym+1) are exactly as in AdaBoost.
Since g; corresponds to the first AdaBoost step, gas is 1/2 of the AdaBoost voting
function and the g,,’s generate the same classifier as the AdaBoost algorithm.

So, in conclusion, we have found gas (a positive multiple of the AdaBoost voting function)
which optimizes an empirical version of E exp(—Yg(X)), the upper bound on our error
rate!



